In this paper we will give a formal description of succession rules in terms of linear operators satisfying certain conditions. This representation allows us to introduce a system of well-de ned operations into the set of succession rules and then to tackle problems of combinatorial enumeration simply by using operators instead of generating functions. Finally we will suggest several open problems whose solution should lead to an algebraic characterization of the set of succession rules.
Introduction
A succession rule is a system consisting of an axiom (b), b 2 N + , and a set of productions: f(k t ) (e 1 (k t ))(e 2 (k t )) : : : (e kt (k t )) : t 2 Ng ; where e i : N + ! N + , which explains how to derive the successors (e 1 (k)); (e 2 (k)); : : : (e k (k)) of any given label (k), k 2 N + . In general for a succession rule , we use the more compact notation Dipartimento di Matematica, Viale Morgagni, 67/A, Firenze. ferrari@math.uni .it y Dipartimento di Sistemi e Informatica, Via Lombroso 6/17, Firenze. felisa, pinzani, rinaldig@dsi.uni .it (b) (k) (e 1 (k))(e 2 (k)) : : : (e k (k)); (1) to mean that there can be in nitely many productions in the system, but at most one for each integer k 2 N + .
The positive integers (b), (k), (e i (k)), are called labels of . The rule can be represented by means of a generating tree, that is a rooted tree whose vertices are the labels of ; (b) is the label of the root and each node labeled (k) has k sons labeled by e 1 (k); : : : ; e k (k) respectively, according to the production of (k) in (1) . A succession rule de nes a sequence of positive integers ff n g n 0 , f n being the number of the nodes at level n in the generating tree de ned by . By convention the root is at level 0, so f 0 = 1. The function f (x) = P n 0 f n x n is the generating function determined by .
One of the most common succession rules is that de ning Schr oder numbers 4], 1; 2; 6; 22; 90; 394, M2898 in 12]: 8 < : (2) (2) ; (3)(3) (k) ; (3) : : : (k + 1); k 3: (2) In Fig. 1 the rst levels of the generating tree of (2) Figure 1: The rst levels of the generating tree of (2) , and its number sequence.
The concept of succession rule was rst introduced in 6] by Chung et al. to study reduced Baxter permutations, and was later applied to the enumeration of permutations with forbidden subsequences 8, 13] . Moreover, they represent an excellent tool for ECO method 3], which is a general method for the enumeration of combinatorial objects. The basic idea of this method is the following: given a class O of combinatorial objects and a parameter p of O, let us consider the set O n = fx 2 O : p(x) = ng. If we are able to de ne an operator # which satis es the following conditions:
1. for each Q 2 O n+1 there exists P 2 O n such that Q 2 #(P ), 2. for each P 1 ; P 2 2 O n such that P 1 6 = P 2 , then #(P 1 ) \ #(P 2 ) = ;, then F n+1 = f#(P) : 8 P 2 O n g is a partition of O n+1 . Therefore, we have a recursive construction of the elements of O. A generating tree is then associated to the operator #, in such a way that the number of nodes appearing in the tree at level n gives the number of n-sized objects in the class, and the sons of each object are the objects it produces through #. Such a generating tree can be formally represented by means of a succession rule of the form (1), meaning that the root object has b sons, and the k objects O 0 A succession rule is called rational, algebraic or trascendental if its generating function is rational, algebraic or trascendental, respectively. The relationship between the structural properties of the rules and their rationality, algebraicity or trascendence is studied in 1]. However, the complete analytic characterization of the set of algebraic succession rules and of the set of algebraic generating functions remains an open problem. In literature, succession rules can have several di erent forms. However, this paper will focus only on the rules having the form (1), where each label (k) produces exactly k sons, also named ECO-systems. Two rules 1 and 2 are said to be equivalent, 1 = 2 , if they de ne the same number sequence, that is f 1 (x) = f 2 (x). For example, the following rules are equivalent to (2) , and de ne the Schr oder numbers 4, 5]:
(2) (2k) (2)(4) 2 : : : (2k) 2 (2k + 2) as generating function, can only be described by means of colored rules, such as:
In this paper we rst solve two open problems on the set of nite succession rules. In Section 3, we introduce the concept of rule operator associated with a succession rule, that is, the algebraic counterpart of the combinatorial concept of succession rule: it is a linear operator on R x], considered as an R-vector space, and it gives us a formal tool to deal with ECO-systems from an algebraic view-point. Indeed it allows us to de ne some operations in the set of rule operators, re ecting some well-known operations on the number sequences associated with them.
Finite succession rules
A succession rule is nite if it has a nite number of di erent labels.
For example, for any positive integer, the number sequences fa n;k g n , de ned by the recurrences:
(?1) j k j a n?j;k = 0 k 2 N; having 1 (1?x) k as generating function, have nite succession rules:
: : : : : :
(k) (1)(2)(3) : : : (k ? 1)(k): Moreover, let fa n g n be the sequence of integers satisfying the recurrence: a n = ka n?1 + ha n?2 ; k 2 N + ; h 2 Z; subject to the initial conditions a 0 = 1, a 1 = b 2 N + ; thus every term of the sequence is a positive number if k + h > 0. In this case, the sequence fa n g n is de ned by the nite succession rule:
Finite succession rules play an important role in enumerative combinatorics, because of their strong relations with rational functions and regular languages; in particular they allow the enumeration of some restricted classes of combinatorial objects 9]. Let us rst recall some basics about PD0L systems 11]. A PD0L system is a triple: G = ( ; h; w 0 ); where is an alphabet, h is an endomorphism de ned on + and w 0 , named the axiom, is an element of + . The language of G is de ned by:
The function f G (n) = jh n (w 0 )j, n 0 is the growth function of G, and the sequence jh n (w 0 )j, n 0 is termed growth sequence.
It is important to point out that we can regard any nite succession rule as a particular PD0L system using the set of labels of as the alphabet , where h is de ned by productions of , and w 0 2 . These remarks together with Theorem III.8.1 11] lead us to the solution of the equivalence problem for nite succession rules.
Equivalence. Let 1 and 2 be two nite succession rules having h 1 and h 2 labels respectively, then 1 = 2 , if and only if the rst h 1 + h 2 terms of the two sequences de ned by 1 and 2 coincide.
For example, let us consider the number sequences de ned by (3) and by (4) with b = 2; k = 1; h = 1 (which is the rule for Fibonacci numbers). The sequences determined by (3) and (4) 1. f(x) = P(x) Q(x) , with P (x); Q(x) 2 Z x], and Q(0) = P (0) = 1;
This proves that each generating function of a nite succession rule is the generating function of a regular language, whereas the converse does not hold. For example, let g(x) = 1 1?10x and h(x) = 1?3x+36x 2 (1?9x)(1+2x+81x 2 ) ; h(x) is a rational function having all positive coe cients (see 2] for the proof) but it is not N-rational, since the poles of minimal modulus are complex numbers. Let
is N-rational, since it is the merge in the sense of 10] of the two functions k 1 (x) and k 2 (x), each of them having a real positive dominating root, x = 10. This proves the existence of a regular language having f(x) as its generating function. Moreover, it is clear that f(x) de nes a strictly increasing sequence of positive numbers. Neverthless 1
is not N-rational, since it is a merge of g(x) and h(x), and h(x) is not N-rational. Thus there are no nite succession rules having f(x) as its generating function. We conclude that S R N:
The equivalence and the generating functions problems remain still open in the case of not nite succession rules.
Rule operators
In this section we introduce the concept of rule operator, which represents a simple algebraic tool to handle succession rules. This notion is not completely new in combinatorics, indeed it has been widely applied without a suitable algebraic formalization, especially when computing generating functions of succession rules 1, 3, 4].
Let us consider a succession rule having the form (1). We de ne the rule operator L associated with as follows:
if the label (k) is not in the generating tree of ; and then extending by linearity on R x] (considered as a R-vector space). In general, we use the power notation to express the iterated application of L : L n+1 (1) = L (L n (1)). In the sequel we will always write L in place of L , if not required by the context.
The following proposition characterizes the set of rule operators associated to ECO-systems: Proposition 3.1 Let L be a linear operator on R x]. It is the rule operator associated with a ECO-system if and only if:
The linear operator L clearly retains the properties of the succession rule ; in particular, the sequence of positive integers ff n g de ned by can be easily obtained from L. We have the following proposition, which can be easily proved by induction on n 2 N: Proposition 3.2 For any n 2 N we have:
where D is the derivative operator in the variable x. We remark that condition 4) of Proposition 3.1 implies L n+1 (1) (2) (1) (2) (2) (1)(2);
L(x k ) = x 2 + : : : + x k+1 ; Motzkin (M1184) Now we aim at extending the concept of rule operator also to the set of colored succession rules. Consider a 2-colored succession rule written as follows:
(a) (h) (e 1 (h))(e 2 (h)) : : : (e (h))(e +1 (h)) : : : (e h (h)) (k) (c 1 (k))(c 2 (k)) : : : (c (k))(c +1 (k)) : : : (c k (k)):
The 2-colored operator L associated with (6) 
Operations on succession rules
Now we aim at de ning some operations, to be carried out on the set of rule operators, which re ect some well-known operations on the related number sequences. Let L and L 0 be two rule operators, associated to the succession rules and 0 , de ning the sequences ff n g n and fg n g n , and having f(x) and g(x) as generating functions, respectively. Below we will deal with L and L 0 having the following general forms: 
Sum of rule operators
Given two rule operators L and L 0, their sum, L L 0, is the rule operator de ning the sequence fh n g n such that h 0 = 1 and h n = f n + g n , when n > 0, and having f(x) + g(x) ? 1 as generating function. We de ne:
If we de ne L L 0 as the identity on the remaining powers of x; y; z, and then we extend it by linearity, we obtain the desired rule operator which de nes the sequence fh n g n .
Product of succession rules
Given two rule operators L and L 0, their product , L L 0, is the rule operator de ning the sequence n P k n f n?k g k o n , and having f(x) g(x) as generating function. We de ne:
We will prove that: Proof: We work by induction on n 2 N. It is easy to show that the statement holds for n = 1; 2; 3. Supposing it holds for a xed n, then we have:
In a completely similar way it can also be proved that ii) The rule operator for the n-th power Catalan numbers. We want to prove that the rule operator L n C for the sequence de ned by C(x) n is the following: as its generating function, where f 0 (x) = f(x) ? 1. Set L(1) = x a , the operator L is de ned as:
We then prove that, for every n 2 N:
; where x n ]g(x) indicates, as usual, the coe cient of x n in g(x).
Lemma 4.2 For every polynomial
Proof: Let p(x) = P n k=1 p nk x k . Therefore we have:
Recall that the coe cients g n of the generating function g(x) = P n g n x n satisfy the recurrence relation:
g n = f 0 g n?1 + f 1 g n?2 + : : : + f n?1 g 1 = P n?1 k=1 f k g n?k ;
From Lemma 4.2 and (9) we have: Proposition 4.2 For any n 2 N, the following identity holds:
Proof: For n = 2; 3 the identity (10) clearly holds. Now, if we suppose it holds for n 2 N, we immediately have: . We can obtain L by means of the product operation, since F (x) = P n F n x n = 1 1?x f(x). Thus: L = L 1 L; where L 1 is the rule operator for the sequence f n = 1, for all n, that is:
By applying the product operation we have:
This result can also be obtained by proving explicitely the following proposition: Proposition 4.3 For any n 2 N we have:
For example, the rule operator L C for Catalan numbers leads to the operator:
L C (x h+1 ) = x + x 3 + x 4 + : : : + x h+1 + x h+2 ; giving the sequence 1; 3; 8; 22; 64; : : : Moreover, it is easy to prove the following property.
Proposition 4.4 Let L be a rule operator de ning the sequence ff n g n . Then a rule operator L 0 de ning a sequence fg n g n , such that f n = g n ? rg n?1 , for n > 1, exists: Then there is a rule operator L 0 de ning the sequence fg n g n such that g 0 = 1, and g n = f n ? f n?1 , for n 1. Sketch of proof. Let us consider the following rule operator:
and let g n be the sequence described by L 0 . By applying the sum operation, we easily conclude that: However, we can prove that, in the case of nite rules, it is possible to determine a rule de ning the Hadamard product. More precisely we can state that the Hadamard product of two nite rules is a nite rule.
Here is an example of our technique: let be the rule for Pell numbers, f1; 2; 5; 12; 29; : : :g, and L 0 be the rule for the Fibonacci numbers having an odd index, f1; 2; 5; 13; 34; : : :g, Referring to our example, the labels of 0 are (2 2) = (4), (2 3) = (6), (3 2) = (6), (3 3) = (9). For instance, the production for the label (4) is: (4) = (2 2) (2 2)(2 3)(3 2)(3 3) = (4)(6) (6)(9):
In the same way we obtain: 0 :
(4) (4) (4)(6) (6)(9) (6) (4)(6)(6) (6)(9)(9) (6) (4)(4)(6)(6) (6)(9) (9) (4)(4)(6)(6)(6)(6) (6)(9)(9): The rule 0 has ij labels, i and j being the number of labels of and 0 respectively.
Equivalence. Is there a criterion whereby we can establish whether two given succession rules are equivalent simply by working on their labels, that is, with no need to determine the corresponding generating functions? Furthermore, given a succession rule, is there a method to obtain some equivalent rules?
Inversion. Let ff n g n be a non-decreasing sequence of positive integers. Is there a method allowing us to decide whether a succession rule de ning the sequence ff n g n exists and, if it does, to nd it? Note that this problem can be solved for nite rules.
Colored rules. Let ff n g n be a non-decreasing sequence of positive integers de ned by a colored succession rule . Is there a criterion to establish whether a non-colored succession rule de ning ff n g n exists?
This problem is still open also for nite rules. Regarding the matter, the following facts should be mentioned:
1. if the sequence ff n g n has repetitions, that is there exists j such that f j = f j+1 , then it is easy to check whether the rule for ff n g n needs to be colored; 2. therefore, we can focus exclusively on the case of a strictly increasing ff n g n . The only thing that can be surely stated is that if the sequence ff n+1 ? f n g is strictly increasing too, then a non-colored succession rule de ning ff n g n must exist, although sometimes it may have a very complicated form: it is equivalent to a nite succession rule. It is su cient to prove that each rational generating function of a succession rule satis es the same properties shared by the generating functions of nite rules, as described in Section 1. If the conjecture proves true, rational functions such as (5) cannot be the generating functions of any succession rule. For example, let be the rule, studied in 1], whose set of labels is the whole set of prime numbers:
:
(2) (p n ) (p n+1 )(q n )(r n )(2) pn?3 ; where p n denotes the nth prime number, and q n and r n are two primes such that 2p n ? p n+1 + 3 = q n + r n (via Goldbach conjecture). According to our conjecture, as its generating function is rational, f(x) = 1?2x 1?4x+3x 2 , it is possible to nd a nite succession rule 0 equivalent to : 0 :
(2) (2) (2)(3) (3) (2)(3)(4) (4) (2)(3)(4)(4): It should be noticed that the rule 0 was further exploited in 9], being the 4-approximating rule for Catalan numbers. Furthermore, such a rule describes a recursive construction for Dyck paths whose maximal ordinate is 4.
